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Abstract Let fk be the fc-th Fourier coefficient of a function / in terms of the orthonormal Hermite, Laguerre or 
Jacobi polynomials. We give necessary and sufficient conditions on / for the inequality J2k l/fcP^'' < °° to 
hold with 9 > 1. As a. by-product new orthogonality relations for the Hemiite and Laguerre polynomials are 
'^^ ' found. The basic machinery for the proofs is provided by the theory of reproducing kernel Hilbert spaces. 
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1. Introduction. The goal of this paper is to find necessary and sufficient conditions to be imposed 
on a function / for its Fourier coefficients in terms of classical orthogonal polynomials to satisfy the 
K*" I inequality 

00 ! °° 

r^. j;i/fc|20^<oo (1) 

^: 

O . with > 1. So, we have three problems corresponding to the following three definitions of fk'- 

i;S ■ fk= I /(x)IHIfc(x)e-^' dx, (2) 

B 
> 

X 



j^ ■ and 



f{x)hl{x)x''e-='dx, (3) 



1 

fk = lf{x)Ff{x){l - xni + xfdx. (4) 



Here H^, L*^ and P^ is the fc-th orthonormal polynomial of Hermite, Laguerre and Jacobi, respectively 
|Szego9l| . For the sake of convenience we use orthonormal instead of standardly normalized versions of 
the classical polynomials. In each case / is defined on the interval of orthogonality of the corresponding 
system of polynomials. We will use (pk as a generic notation for either of the three types of polynomials. 
Classes of functions with rapidly decreasing Fourier coefficients in classical orthogonal polynomials 
have been extensively studied. We only mention a few contributions without any attempt to make a 
survey. The series of papers |Hille39j - |Hille8nj by E. Hille is devoted to the Hermite expansions. Among 
other things Hille studied expansions with fk vanishing as quick as exp(— r(2fc + 1)^'^). The functions 
possessing such coefficients are holomorphic in the strip \Qz\ < r. Hille provided an exact description 
of the linear vector space with compact convergence topology formed by these functions where the set 
{Hfc : fc E NUO} is a basis. Its members are characterized by a suitable growth condition. In addition, 
he studied the convergence on and analytic continuation through the boundary of the strip. 



The convergence domain of the Laguerre series with fk ~ exp(— tA;^'^) is the interior of the parabola 
3fi(— z)^/^ = t/2. Rusev in |R,nsev84J described the linear vector space with compact convergence 
topology formed by functions holomorphic in {z : 3fi(— z)^'^ < t/2} where the set {L^ : A; G NU 0} is a 
basis, and Boyadjiev in |Boyad92l studied the behavior of the Laguerre series on the boundary of the 
convergence domain. 

If coefficients (O or JSJ decrease as fast as exp(— r/c'') with 77 > 1/2 the function / is entire. The 
spaces comprising such functions for Hermite expansions have been characterized by Janssen and van 
Eijndhoven in |JanEijnd90| . If the Fourier-Hermite coefficients fk decline quicker than any geometric 
progression, the suitable characterization is provided by Berezanskij and Kondratiev in |BerKondr95j 
(see Corollarv 11.11 below). Byun was the first to study the Hermite expansions with condition (^ - 
see remark after Theorem ^ For the Laguerre expansions with limsup^ \fk\^'^ < 1 Zayed related the 
singularities of the Borel transform of / with those of F{z) = J2k fk^^ in |Zayed8l] . 

For the Legendre expansions with limsup^ |/fe|^ = C < 1 Nehari relates the singularities of / on 
the boundary of convergence domain {z : \z + 1\ + \z — 1\ < C + C~^} to those of F{z) = ^^ /^z^ 
in |Nehari56] . Gilbert in |Gilbert64] and Gilbert and Howard in |GilbHowa,rdfi6j generalized the results 
of Nehari to the Gegenbauer expansions and to expansions in eigenfunctions of a Sturm-Liouville 
operator. 

Functions satisfying (0) apparently form a proper subclass of functions with lim sup^ \fk\'^ < ^~ 2 . On 
the other hand the condition Q itself cannot be expressed in terms of asymptotics of fk- Consequently, 
our criteria for the validity of Q are of different character from those contained in the above references. 
Although they also describe the growth of / for the Hermite and Laguerre expansions and its boundary 
behaviour for the Jacobi expansions, our growth conditions are given in terms of existence of certain 
weighted area integrals of/ and cannot be expressed by an estimate of the modulus, while the restriction 
on the boundary behaviour is given on the whole boundary and not in terms of analysis of individual 
singularities. 

2. Preliminaries. Throughout the paper the following standard notation will be used: N, R, R+ 
and C will denote positive integers, real numbers, positive real numbers and the finite complex plane, 
respectively. Since coefficients l(2I)-© do not change if we modify / on a set of Lebesgue measure zero, 
all our statements about the properties of / should be understood to hold almost everywhere. If, for 
instance, we say that / is the restriction of a holomorphic function to (some part of) the real axis, it 
means that / is allowed to differ from such restriction on a set of zero measure. 

All proofs in the paper hinge on the theory of reproducing kernel Hilbert spaces (RKHS), so for 
convenience we briefly outline the basic facts of the theory we will make use of. 

For a Hilbert space H comprising complex-valued functions on a set E, the reproducing kernel 
K{p, q) : E X E ^f C is a function that belongs to if as a function of p for every fixed q & E and 
possesses the reproducing property 

fiq) = if,Ki.,q))H 

for every f £ H and for any q £ E. li a Hilbert space admits the reproducing kernel then this kernel 
is unique and positive definite on E x E: 

n 

"^ K{pi,pj)ciCj>0 (5) 

for an arbitrary finite complex sequence {cj} and any points pi £ E. The theorem of Moore and 
Aronsjain |Aron5flj states that the converse is also true: every positive definite kernel K on E x E 
uniquely determines a Hilbert space H admitting K as its reproducing kernel. This fact justifies the 
notation Hk for the Hilbert space H induced by the kernel K. The following propositions can be found 
in |Aron5nilSaitohC)7|. 
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Proposition 1 // Hk is a Hilhert space of functions E ^ C and s is an arbitrary non-vanishing 
function on E, then 

Ks{p, q) = s{p)s{q)K{p, q) (6) 

is the reproducing kernel of the Hilhert space Hk^ comprising all functions on E expressible in the 
form fs{p) = s{p)f{p) with f^Hx and equipped with inner product 

ifs,9s)H,,=(^,'-) . (7) 



Proposition 2 Let Ei <Z E and Ki he the restriction of a positive definite kernel K to EiX Ei. Then 
the RKHS Hki comprises all restrictions to Ei of functions from Hk and has the norm, given hy 

||/i||^,,^=mm{||/||^,.;/b, =/i, f G Hk} . (8) 

Proposition 3 If RKHS Hk is separahle and {ipk ■ k G'N} is a complete orthonormal system in Hk, 
then its reproducing kernel is expressed hy 

K{p,q) = Y,Mp)MQ), (9) 

k 

where the series 0) converges absolutely for all p,q G E and uniformly on every subset of E, where 
K{q, q) is hounded. 

The relation Ki <^ K2 will mean that K2 — Ki is positive definite. This relation introduces partial 
ordering into the set of positive definite kernels on E x E. Inclusion Hk^ C Hk2 and equality Hki = 
Hk2 will be understood in the set-theoretic sense, which implies, however, that the same relations hold 
in the topological sense as stated in the following two propositions. 

Proposition 4 Inclusion Hki C Hk2 takes place iff Ki <^ MK2 for a constant M > 0. In this case 
-^^ ll/lli > II/II2 for all f G Hki ■ [Here \\f\\i and \\f\\2 are the norms in Hki and Hk2, respectively). 

Proposition 5 Equality Hki = Hk2 takes place iff mK2 <^ Ki <^ MK2 for some positive constants 
m, M. In this case m^/^f\\i < Wfh < mV2||/||,. 



The kernels satisfying Proposition are said to be equivalent which is denoted by Ki « K2. 

It is shown in |Aron5n| that the RKHS Hk induced by the kernel K{p, q) = Ki{p, q)K2{p, q) consists 
of all restrictions to the diagonal oi E' = Ex E (i.e. the set of points of the form {p, p}) of the elements 
of the tensor product H' = Hki '^ Hk2 ■ The space Hk is characterized by 

Proposition 6 Let K{p,q) = Ki{p,q)K2{p,q) and let {^pk : A; G N} he a complete orthonormal set in 
Hk2 ■ Then the RKHS Hk comprises the functions of the form 

00 00 

fip) = ^flip)Mp), fk^HK,, ^\\fl\\l<^. (10) 

fc=l fc=l 

The norm in Hk is given hy 



I 00 
2^ 

lfc=l 



Hk -min<X]ll-^fcl 



where the minimum is taken over all representations of f in the form (|1()|1 and is attained on one such 
representation. 



3. Results for the Hermite and Laguerre expansions. Functions satisfying ^ form a Hilbert 
space with inner product 

fc=0 

This space will be denoted by Tig for the Hermite expansions and by Cg for the Laguerre expansions. 
The sets {9~''''^Mk}keNuo and {^"'^'^L'^jfceNuo constitute orthonormal bases of the spaces Tie and Cg, 
respectively. For each space we can form the reproducing kernel according to ^i 

K{z,u) = Y,V>k{z)^^)e-K (12) 

k 

The explicit formulae for these kernels are known to be |Bateman53j : 

HKe{z,u) "^ Y.U,{z)-mu)e-' = ^ exp f^^^^^^^) ^l^) 

(Mehler's formula) and 

L/^,^(z,n)^=^^f;L^(z)!:fR^-^ = ^exp(-^)(zIl)-f/. Uf^ (14) 

(Hardy-Hille's formula). Here ly is the modified Bessel function. The kernels ifT^ and (jTHl are entire 
functions of both z and u. The space TIq comprises functions on R, while the space £g comprises 
functions on R"*". Hence, we consider the restrictions of the kernels (|T^ and ifTHl to R and R+, 
respectively. Applying Proposition El with E = C and i?' = R or £■' = R"*" we conclude that the spaces 
TCg and Cg are formed by all restrictions to R and R+, respectively, of entire functions from the spaces 
generated by the kernels lfT3|l and (flUl . We can drop minimum in ^ due to uniqueness of analytic 
extension and, consequently, the norm induced by inner product l|ll|l equals the norm in HnXg or in 

Next, we observe that both kernels lfT!T|l and H14|l are of the form s{z)s(u)K{zu) with non- vanishing 
functions sh{z) = e~^ '^^ ~^' and sl{z) = e~^'^^~^' . Hence we are in the position to apply Proposi- 
tion ^ In compliance with Q the norms in HhKo and Hu^t^ are known once we have found the norms 
in the spaces induced by the kernels 

and 



m,{zu) = -^—-{zu)-^h ( 2^ 1 . (16) 

Both of them depend on the product zu and are rotation invariant thus. Rotation invariance of the 
kernel implies radial symmetry of the measure with respect to which the integral representing the norm 
is taken. For the kernel (|TH|l the measure and the space are well-known. It is the Fischer-Fock (or the 
Bargmann-Fock) space J-q of entire functions with finite norms 

^ c 

where the integration is with respect to Lebesgue's area measure. By Proposition ^ the final result for 
the Hermite expansions now becomes straightforward. 

Theorem 1 Inequality Q) with fk defined by ^ holds true for all restrictions to R of the entire 
functions with 



l/(^)rexp 
c 



+ 1 ^ 6'-! 



da < oo 



Square summability with geometric weight for classical orthogonal expansions 

and only for them. 

For inner product ifTTj) this leads to the expression 



^2 fc-,-.\2\ 

da. (19) 



Since polynomials H^ are orthogonal with respect to this inner product, we obtain the following or- 
thogonality relation for the standardly normalized Hermite polynomials Hfc: 

2(3f?z)2 2(9z)2" 



VW^ 



Hfc(2;)Hm(2;)exp 



+ 1 61-1 



da = 5k,mT^{2efk\. (20) 



These results for the Hermite expansions have been essentially proved by Du-Wong Byun in |Byun93| , 
although the emphasis in his work is different and it seems that the orthogonality relation IpT]! has 
not been noticed. 

The following corollary is an immediate consequence of (|T8|l . 

Corollary 1.1 Inequality iPJ) with fk defined by |^ holds true for all 9 > 1 iff f is the restriction to R 
of an entire function F satisfying \F{z)\ < Ce^'^l for all e > and a constant C = C(e) independent 
of z. 

A direct proof is given in |BerKondr95j . 

For the Laguerre expansions the situation is a bit more complicated. The kernel (fTH)l is a particular 
case of a much more general hypergeometric kernel. The spaces generated by hypergeometric kernels 
are studied in depth in [KarpQ3 1 . For the kernel (|T6|l we get the space of entire functions with finite 
norms 

'''"'' /|;(.,P|.r,.„ f ?^^ .., ,21, 



i^e TT{d-i) J '■"''' ' \ e-1 

where Ki, is the modified Bessel function of the second kind (or the McDonald function). Application 
of Proposition H brings us to our final result for the Laguerre expansions. 

Theorem 2 Inequality iPJ) with fk defined by ^ holds true for all restrictions to R"*" of the entire 
functions with 

2^z \. .^^^ l2y/e\: 



/' 



c 
and only for them. 



l/(.)pexp(|^) \zVK^ r-P^\ da<^ (22) 



The orthogonality relation for the standardly normalized Laguerre polynomials H^, that follows from 
this result is given by 



Corollary 2.1 Inequality ^ with fk defined by 0) holds true for all 9 > 1 iff f is the restriction 
to R"*" of an entire function F satisfying \F(z)\ < Ce^'^' for all e > and a constant C = C{e) 
independent of z. 

This corollary can be easily derived from (|^ with the help of asymptotic relation |Ba,tema.n53| 

/ TT _ 

i^j.(x)~W--e "", X ^ oo. 
V 2x 



4. Results for the Jacob! expansions. The space of complex-valued functions on (—1, 1) whose 
Fourier- Jacobi coefficients Q satisfy Q will be denoted by Jq ■ Pursuing the same line of argument 
as in the previous section, we form the reproducing kernel of this space found by Baily's formula 
|Bateman53j 



oo 



where 



vP /'"^^^i "^^^3 , -, ^ , , e{l-z){l-u) 9{l + z){l + u) \ 

F,ia,b;c,c';t,s)= f] t<t(ftZ '^'" ^^'^ 

m,n=0 {(^)n[.C )mm.n. 

is Appel's hypergeometric function and T{a,P) = 2°'^^'^'^T{a + l)r(/3 + l)/r{a + /? + 2). Define the 
ellipse Eq by 

Ee = {z:\z-l\ + \z + l\< 6^/^ + Q-^/^}. (26) 

Our first observation here is that both the series on the right hand side and on the left hand side of 
fl^i converge absolutely and uniformly on compact subsets oi Eg x Eg (see |KarpOO| ). The implication 
of the uniform convergence is holomorphy of the kernel (f^ in Eg x Eg with respect to both variables. 
Application of Proposition El with E = Eg, E' = (—1, 1) leads to the assertion that the space Jq is 
formed by restrictions to the interval ( — 1, 1) of functions holomorphic in Eg thereby the norm in Jg 
equals the norm in Hjj^e due to uniqueness of analytic continuation. 

Our main result for the Jacobi expansions will be derived from its particular case a = (i = \ — 1/2 
thereby the orthonormal Jacobi polynomials reduce to the orthonormal Gegenbauer polynomials C^. 
The reproducing kernel (|2^ reduces in this case to 

oo ^ 

GKi{z,u)''^Y.^l{z)^{^)-^ = 

fc=0 

_ fi\0^-V) p/A + l^A + 2^,^i^4«^lLl|)iLz|)V (.27) 



r(A)(02 _ 202^1+ 1)^+1^ ' V 2 ' 2 ' 2' {e'^-2ezu + lY 
where 2-^1 is the Gauss hypergeometric function and r(A) = v^r(A + l/2)/r(A + l). The series on both 
sides of (|?7|l again converge absolutely and uniformly on compact subsets of Egx Eg. Formula l(?7jl can 
be obtained from (|2^ by using a reduction formula for F4 and applying a quadratic transformation to 
the resulting hypergeometric function. Details are in |KarpOO| . 

Let dEg denote the boundary of the ellipse Eg. We introduce the weighted Szego space AL2{dEg; p) 
with continuous positive weight p{z) defined on dEg as the set of functions holomorphic in Eg, pos- 
sessing non-tangential boundary values almost everywhere on dEg and having finite norms 

\\f\\AL,idEr,p) = f\f{z)?p{z)\dz\ < 00. (28) 

dEg 

We will write AL2{dEg) for AL2{dEg; 1). 

For A = 0, the orthonormal Gegenbauer polynomials reduce to the orthonormal Chebyshev polyno- 
mials of the first kind T^ : 

Cl{z) = Tkiz) = (2/7r)5Tfc(z) = (2/7r)5 cos(A;arccosz), ken, 

CO(z) = To(z) = (l/7r)lTo(z) = (l/vr)l, 

where T^ is the A;-th Chebyshev polynomial of the first kind in standard normalization. 
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Lemma 1 Polynomials {6^ + 9^^)^^''^Tk/2 form orthonormal basis of the space AL2{dE0; |z^ — 1|~2). 

Proof. The boundary dEg is an analytic arc which imphes the completeness of the set of all polynomials 
in AL2{dEg; jz^ — 1|~ 2) (see for instance |Oaier8n| V To prove orthogonality we will need some properties 
of the Zhukowskii function z = {w + w~^)/2. This function maps the annulus 1 < |t(;| < VO one-to- 
one and conformally onto Eg cut along the interval ( — 1, 1) thereby the circle \w\ = \fd corresponds 
to BEq. The inverse function is given by w = z + \/ z^ — 1, where the principal value of the square 
root is to be chosen. We see by differentiation that the infinitesimal arc lengths are connected by the 
relation \dz\ = {■w'^ — l\\dw\/{2\w\'^). Note also that z^ — 1 = {w'^ — l)^/(4w^). Applying the identity 
Tk{z{w)) = w^ + w~^ we get by the substitution z = {w + w~^)/2: 

dEe \w\=V0 

2-K 2tt 2tt 

f){k+m)/2 p n~{k+m)/2 r n{k~m)/2 r 



27r 

00 

21" I 0, k ^ m, 

4, k = m = 0. 



0{m-k)/2 





Combined with (|29|l this proves the lemma.D 

Denote Qg = Jq . We are ready to formulate our main result for the Gegenbauer expan- 

sions. 

Theorem 3 Let A > 0. The space Qq is formed by all restrictions of the elements of AL2{dE0) to the 
interval (—1,1). The norms in Qg and AL2{dEg) are equivalent. 

Proof. The proof will be divided in three steps. 

Step 1. For the space Hqj^b induced by the kernel l(?7|l with A = we want to prove that 

H(.j^e = AL2{dEg). (30) 

The weight |z^ — 1|~^'^ is positive and continuous on dEg so the norms in AL2{dEg; \z^ — 1|~2) and 
AL2{dEg) are equivalent and these spaces coincide elementwise. According to Lemma Hand formula 
(ini the space AL2{dEg; \z^ — 1|~2) admits the reproducing kernel given by 



.. 00 
Rg{z,u) = T^] 



Trfc(z)Tfc(n) 

4Z^ Qkj^O-k ■ 
k=0 



This kernel is equivalent to the kernel GKq due to ^^ and inequalities 



\ Y: GK^,{z,,zj)c.cJ <YY: tlek^ ^^ < E G^oi^^^^)c^^ 

i,j=0 ij=0 k=0 i,j=0 

satisfied for any choice of n G N, q € C and Zi G Eg. Hence by Proposition [HI our claim is proved. 
Step 2. Consider the following auxiliary kernel: 

^g. _, vr-^g^-l) ^ ^A + 1 A + 2 ^ , 1 46^(1 - z'){l -u') \ 

It is positive definite as will be shown below. Substitution A = yields the identity 

K'o{z,u) = GK'q{z,u). (32) 



We want to prove that for all A, /i > 



^kt 



Hr>g. 



RO 



(33) 



According to Proposition El we need to show that K^ « K^. Following the definition of the positive 
definite kernel ©, choose n G N, a finite complex sequence Cj and points Zi E Eg, i = l,n. Positive 
definiteness of the kernel [40^(1 — z'^){l — u'^)]^/{6'^ — 29zu + l)2'=+i due to its reproducing property in 



the Hilbert space of functions representable in the form f{z) = (1 



v2\fc 



g{z), where g belongs to the 



Bergman-Selberg space generated by the kernel (p^ with X = 2k + 1, and interchange of the order of 
summations justified by absolute convergence, lead to the estimates 






TT 



^ oo 



«-'— y, [4«2(l-i?)(l-3j2)]» 



CjCj 



k=0 



^ (e^-2eziz-+iy''+i ^^^j 



< 



where 



TT 



1 hk 

- sup <^ ^ 



E 



n 



,^ [4e\i-zf){i-z-')r 

"fc / tt:^ 777: — -. Noi, , 1 <-jt,i 



i,j= 



sup 1 , 

fceNo [a^ 



n 



i,j=^ 



«fc 



'^ (^2 _ 2ezizj + i)2fc+i ' ^ 

x_i[X + l]/2)ki[\ + 2]/2)fc _ r(A + l/2)r((A + l)/2 + fe)r((A + 2)/2 + A:) 



J^XK^i: ZjjCiCj, 



>0. 



(A + l/2)fcfc! r((A + l)/2)r((A + 2)/2)r(A + 1/2 + k)k\ 

This shows the positive definiteness of the kernel K^. Using the asymptotic relation |Bateman53j 



T{a + z) 
Tib + z) 



z''-\l + Oiz-^)), \z\ 



oo, 



argz < vr. 



(34) 



we obtain 



lim -Y 

k—>oo at 



< sup > , 



< OO. 



fceNo 



The estimate from below is obtained in the same fashion with sup {a'^/a^} substituted by inf {o^/a^}. 
This proves equality (EHI)- Combined with l(H^ and (|Hn|l this gives: 

Hj^e^ = AL^idEe) 

for all A > -1/2. 

Step 3. According to l(27|l and pTjl . the kernel GK^ is related to the kernel K^ by 



(35) 



where 



Bl{z,u) 



vr 



GKl{z,u) = B'i{z,u)K'i{z,u), 



i2A 



ttO 



2A 



(36) 



T{X){9^-2ezU+l)^ (1__|J_^^)A' A ^(^)(^2 + l)A- 

For A > the function B^{z,u) is the reproducing kernel of the Bergman-Selberg space H^e [Saitohflf] . 
This space comprises functions holomorphic in the disk \z\ < [{6'^ + l)/26']^'2 ^nd having finite norms 



H^ 



k\ 
^A fc=o (^)'= 

where f^ is the k-th. Taylor coefficient of /. The functions 



^Eif^P 



_±1 
29 



-ik' 



lk[z) 



dof r,g 



[h'. 



AJ 



(A)a 
k\ 



26 



6*2 + 1 



constitute a complete orthonormal system in H^e . Note further that the closed ellipse Eq is contained 
in the disk \z\ < [{6^ + l)/29]^/^ due to inequality y/ {9^ + I) / (29) > {9^ + 9-^)/2, the right hand 
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side of which equals the big semi-axis of the elhpse Eg. As stated in Proposition El the space Hqj^o is 
obtained by restricting the elements of the tensor product H^e (gi H^e to the diagonal of Eg x Eg and 
comprises the functions of the form 

oo oo 



k=l 



k=l 



By (|35|l we can put AL2{dEg) instead of Hr>e here. For any g G AL2{dEg) consider the estimate 



g'yk\\AL2iaEe) = / l5'(^)7fe(^)l \dz\ < max hkiz)\ \\g 



z^dEe 



\AL2(aEe)^ 



(37) 



OEe 



which shows that every product g^k belongs to AL2{dEg) and hence so does a finite sum of such 
products. Denote 

a^(fc)1^'max|7.(z)| = [/i^,]t 

Zl^dEg 



[h'> 



(A)a 
k\ 




^W + 1 



The sequence 



Sniz) =^gk{zhk{z), gk^AL2{dEg), ^ \\gk\\\L2{dEe) < °°' 



k=l 



k=l 



is a Cauchy sequence in AL2{dEg). Indeed, using (pTZIl and the Cauchy-Schwarz inequality we get 



\\Sm — Sn\ 



ALiidEg) 



M 

E 

k=N 



gkik 



M M 



= XI ^i9kik,gai)AL2{aEf)) < 

AL2{dEg) k=Nl=N 



M M 

sEEl 

k=Nl=N 



M M 



\gk'lk\\AL2(dEg) 



AL2{dEg) ^ z2z2 \\9k\\AL2{dEg)Oi\{k)\\gi\\AL2idEg)Oix{^) 



M 



X] \\9k\\AL2{dEg)a\{k) 



k=Nl=N 



M 



M 



<E\\9''\\AL2i8Eg)Ei»iik)f. 
.k=N J k=N k=N 

Since both ^^ ll^fell^^. (dE ) ^^^ Sfc['^A(^)]^ converge, the above estimates prove that the sequence 
Sn is Cauchy. It follows that HQj^g C AL2{dEg). Inverse inclusion AL2{dEg)cHQj^g is obvious, since 
I(z) = 1 belongs to H^e and so for any gGAL2{dEg), the product Ig = gGHQj^e. D 
Now it is not difficult to establish our main result for Jacobi expansions. 

Theorem 4 Let a,f3 > — g- Inequality ^ with fk defined by ^ holds true for all restrictions to the 
interval (—1,1) of the elements of AL2{dEg) and only for them. 



Proof. Choose 7 > maxja,/?}, then 



JK%{z,u)<.MJK'^.Jz,u 



for some constant M > 0. Indeed, for an arbitrary n S N, complex numbers Cj and points Zi E Eg, 
i = l,n, estimate using ((SIJ: 



Yj JKi^pi^i,Zj)ciCj = Y^ alf Y 



9''+\i-zi)''{i-zj)\i + ziy{i + z-y _ 



_j_ l\2k+2l 



Q Cj f^ 
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< sup 

k,l€No 



] al'^ f 2^ "^^i 2^ (9 + 1)2^+2/ ^^'^^ 



"fcJ 



sup \ -tTT ( Yl JK'^,^izi,Zj)ciCj, 



k,l&No [ %l J -j^-^ 



where 



,,^ _ r+^+i(g - 1) ([g + /3]/2 + l),_,i{[a + P + 3]/2).^, 



fc+i 



'^'^ r(a,/?)(0 + l)"+/3+2 (a + l)fc(/3 + l)/A;!/! 

Interchange of the order of summations is justified by absolute convergence of the series (12 
AppHcation of formula (|M|l yields as fc, / — > oo 

O ((fc + ;)"+/3-27fc7-a/7-/3^ = O ((1 + //A:)"-^(l + A;/0^"^) = 0(1). 



,7:7 



Therefore sup Whi /(^l']} is positive and finite. Similarly by choosing — 1 < 77 < min{a,/3} we can 

fc,/eNo 
prove that 

mJKl^ « JK'^^^. 

It is left to note that JK^^^ = GK^, where A = /? + 1/2, and GK^ is defined by ^. Now TheoremEl 
gives the desired result. D 

When a and/or /3 belongs to (—1, —1/2) step 3 of the proof of the Theorem Inbreaks and the problem 
remains open. 

Corollary 4.1 Condition Q) for the Fourier-, J acohi coefficients ^ of a function f is satisfied for 
all 6 > 1 iff f is the restriction of an entire function to the interval ( — 1, 1). 

The last theorem and Szego's theory |Szego9l| suggest that the following much more general con- 
jecture might be true. 

Conjecture. Inequality ^ holds true for the Fourier coefficients in polynomials orthonormal on 
(—1, 1) with respect to a weight w that satisfies Szego's condition j_^ \D.w{x)dx/^Jl — x"^ > — cxd if and 
only if f belongs to AL2{dEg). 
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